Hypothetical scanning Monte Carlo (HSMC) is a method for calculating the absolute entropy, S and free energy, F from a given MC trajectory developed recently and applied to liquid argon, TIP3P water and peptides. In this paper HSMC is extended to random coil polymers by applying it to selfavoiding walks on a square lattice -a simple but difficult model due to strong excluded volume interactions. With HSMC the probability of a given chain is obtained as a product of transition probabilities calculated for each bond by MC simulations and a counting formula. This probability is exact in the sense that it is based on all the interactions of the system and the only approximation is due to finite sampling. The method provides rigorous upper and lower bounds for F, which can be obtained from a very small sample and even from a single chain conformation. HSMC is independent of existing techniques and thus constitutes an independent research tool. The HSMC results are compared to those obtained by other methods, and its application to complex lattice chain models is discussed; we emphasize its ability to treat any type of boundary conditions for which a reference state (with known free energy) might be difficult to define for a thermodynamic integration process. Finally, we stress that the capability of HSMC to extract the absolute entropy from a given sample is important for studying relaxation processes, such as protein folding.
I. Introduction
In spite of progress achieved in the last 50 years, calculation of the entropy and free energy remains a central problem in computer simulation, which affects physics, chemistry, biology, and engineering. 1,2 Recently, we have developed a new technique for calculating the entropy -the hypothetical scanning Monte Carlo (HSMC) method and applied it to liquid argon, water, 3,4 and peptides in helical, extended, and hairpin states. 5 The aim of the present paper (as that of our preliminary study 6 ) is to extend HSMC to lattice polymer models, and in particular to examine its applicability to random coil polymers.
It should be pointed out that lattice models have been utilized for studying a wide range of phenomena in polymer physics 7,8 as well as in structural biology, mainly related to protein folding and stability 9 (Refs. 7 and 8 present only very limited lists). Because of their simplicity, these models have been invaluable tools for understanding global properties that do not depend strongly on molecular details. Such models vary in complexity, ranging from self-avoiding walks on a square lattice to chain models on enriched 3D lattices with a large effective coordination number.
Commonly, these systems are simulated by variants of Metropolis Monte Carlo (MC) -a method that enables one to generate samples of chain configurations i distributed according to their Boltzmann probability, P i B , from which equilibrium information can be extracted. 10 In and lower bounds for F, which can be calculated from a relatively small sample and even from a single conformation.
As stated earlier, the aim of this paper is to extend the scope of HSMC to lattice polymer models, in particular to random coil chains. For that we study self-avoiding walks (SAWs) on a square lattice -a difficult test case due to the strong excluded volume interactions occurring in 2D. This paper is an extension of our recent letter 6 in which part of Table 1 has been presented and discussed. We emphasize the generality of HSMC and discuss its unique aspects for lattice systems, which makes it a powerful research tool independent of existing techniques. The HSMC results are compared to those obtained some time ago by the scanning method, 20 to results obtained by us using TI, to series expansion values, 21 and to results obtained by the HS method.
II. Theory

II.1 Statistical mechanics of SAWs
Assume a single SAW of N steps (bonds), i.e., N+1 monomers starting from the origin on a square lattice. All the SAWs i are equally probable with Boltzmann probability
where the partition function, Z SAW , is the total number of different SAWs, and the free energy is thus where k B is the Boltzmann constant, and j is any SAW. The summations (in i) in Eq. (2) and in the rest of the paper (accept in section II.7) are over the ensemble of SAWs. Eq. (2) demonstrates that F (and S for this particular model) has zero fluctuation, which is a general property of the correct free energy of any system. On the other hand, the fluctuation of a free energy functional based on an approximate probability distribution (see below) is expected to be finite. 22 Eq. (2) also shows that if the Boltzmann probability of any single SAW (j) is known, F (and S for this particular model) is known as well, which again is a general property satisfied by any system in equilibrium.
II.2 The Direct Monte Carlo method
An unbiased sample of SAWs on a square lattice can be obtained by the direct Monte Carlo (DMC) method. 14 With this method a non-reversal random walk (ideal chain) is generated step-by-step, where at step k the direction of the k th bond is chosen at random (i.e. blindly) out of three possible directions (immediate chain reversal is not allowed). If the chosen site is unoccupied the bond is added to the existing chain, and the process continues; in the other case, the partial chain is discarded and a new one is started. This process is very inefficient for generating long SAWs due to strong (exponential) sample attrition. However, the entropy can be obtained from the relation Z SAW /Z id ≈ n suc /n start where Z id is the known partition function of ideal chains, Z id = 4 × 3 N −1 and n suc and n strart are the number of chains started and the number of SAWs of N steps succeeded, respectively; this leads to an estimation, S DMC for the entropy of SAWs,
II.3 The scanning simulation method
The scanning method is a step-by-step construction (growth) procedure, where unlike DMC, the bonds are not selected blindly, but with transition probabilities (TPs) that are based on scanning possible SAWs in future steps; 16 thus, at step k of the process, k−1 directions (bonds), ν will have already been constructed [these bond directions at each step are denoted ν 1 ,…, ν k−1 , where ν =1,4]. To determine the direction ν k (out of 3 possible directions, ν ) one enumerates all the possible continuations Z k ν (f) of the chain in a limited number of f future steps (typically less than the remaining bonds) that start from ν of step k, where Z k ν (f) is a partial future partition function and f is the scanning parameter. Z k ν ( f ) enables one to define TPs for ν,
where because immediate reversal is forbidden, the summation is only over the three allowed directions. Using these TPs, the k th step is determined by a random number and the process continues. The construction probability P i 0 (f) of SAW i is the product of the TPs with which the steps have been chosen,
, ..., ν 1 , f ).
For f << N the scanning is incomplete and P i 0 (f) is approximate. Due to this "incomplete" scanning, the chain can get trapped in a dead end during construction, meaning that the number n of completed constructions is smaller than the number n start of those started. In other words, P i 0 (f) is normalized over a subgroup of the random walks that includes all the SAWs and part of the self-intersecting walks. Also, P i 0 (f) is biased, i.e., unlike P i B , it is larger for the compact SAWs than for the open ones. This bias can be decreased systematically by increasing f, where for a complete future scanning, i.e., f max =N−k+1, the TPs [Eq. (4)] become exact and no trapping occurs. 16 In practical applications the bias is removed by an importance sampling procedure, which leads to an unbiased estimation S that is exact within the statistical error
The scanning method can easily be extended to a chain model with finite interactions; in this case the interaction energy E j(ν) k (f) of the future chain j that starts from ν with itself and with the rest of the chain is calculated and the corresponding Boltzmann factor contributes to Z k ν (f), rather than 1,
II.4 The hypothetical scanning (HS) method
The HS method (as well as the local states method) is based on the concept that two samples in equilibrium generated by different simulation methods are equivalent in the sense that they both lead to the same estimates (within the statistical errors) of average properties, such as the entropy, energy, and their fluctuations. Relying on this equivalence, one assumes that a given sample of SAWs constructed by any exact procedure (e.g., Metropolis MC 10 ) has instead been generated with the scanning method. Thus, for each of the bonds [ν k (i)] of SAW i one calculates the TP [Eq. (4)] as if i had been generated with the scanning method (we call this process the reconstruction of i, essentially an analysis procedure for obtaining TPs). The product of these TPs leads to P i 0 (f) [Eq. (5)] and to a functional S A , which can be shown rigorously (using Jensen's inequality) to be an upper bound for S ,19
where i runs on the complete ensemble of SAWs and S A is a function of f. Because the sample is generated with an exact simulation procedure, S A is a statistical average defined with the Boltzmann probability, which is normalized over the ensemble of SAWs. Each SAW i is associated with the variable ln P i 0 (f), where P i 0 (f) is normalized over a larger ensemble that also consists of self-intersecting walks. The fluctuation σ A of ln P i 0 (f),
is expected to be larger than zero, decreasing with increasing f (i.e., with improving the approximation), which means that S A and σ A are positively correlated. This correlation has been found to exist for good enough approximations. 22
One can define another approximate entropy functional denoted S B19
where
If P i 0 (f) was replaced in Eq. (10) by P i (f), according to the free energy minimum principle, 23 S B would become a lower bound for S; but for SAWs it can only be shown rigorously 19 that S B ≤ S A . However, when reliably estimated for a good enough approximation, S B has been found in most cases 19,24 to underestimate S, as is also shown in the present calculations. In practice, lower bound behavior can be verified if S B increases as the approximation improves; one can then assume that this trend would continue for better approximations meaning that S B would converge to S. S B can be estimated from a sample of size n by importance sampling,
where i(t) is SAW i obtained at time t of the correct Boltzmann simulation and the bar above S B denotes estimation. However, the statistical reliability of this estimation (unlike the estimation of S A ) decreases sharply with increasing chain length, because the overlap between the probability distributions P i B and P i (f) decreases exponentially.
If S B is a lower bound for S and the deviations of S A and S B from S (in the absolute values) are approximately equal, their average S M becomes a better approximation than either of them individually,
Typically, several approximations for S A , S B , and S M are calculated as a function of f, and their convergence enables one to determine the correct entropy with high accuracy. While application of HS to SAWs has been found to be quite efficient, for structured molecules such as an α-helix of a peptide HS has failed because it is impossible to carry out the future scanning within the limited conformational space defined by the local fluctuations of this structure, hence to define appropriate TPs. As discussed below, this problem does not exist with HSMC.
II.5 The HSMC method
While the TPs defined by HS are deterministic (based on the entire conformational space defined by f at step k of the reconstruction process), for a large chain they are always approximate, i.e., f << N due to the exponential growth (with f) of the number of future SAWs. The HSMC method overcomes this limitation by seeking to estimate the exact TP defined by Eq. (4) with f max =N−k+1, i.e. the whole future is scanned at step k. This is achieved by replacing the exact enumeration of f future steps at k by an MC simulation of the entire future segment of the chain (i.e., steps k,k+1, …N) in the presence of the "frozen past" [ν 1 …, ν k−1 ]. The TP, denoted p MC of the actual direction, ν k (i) in the reconstructed SAW i is calculated from the number of MC steps, n k ν(i) for which ν k (i) was visited during the simulation of total n MC steps
/ n MC (13) and the reconstruction probability of chain i is
where, for simplicity, i has been omitted in the TPs. In Eqs. (13) and (14) and in the rest of this paper, for brevity, we denote by MC physical quantities calculated by HSMC; notice, however, that in previous publications these properties were denoted by HS, which in this paper is reserved to denote results obtained with the HS method. Unlike the deterministic
MC is defined stochasticly. The fact that the entire future is considered is important for systems with strong long-range interactions such as SAWs, proteins, etc; also, unlike P i 0 (f) that is defined over the ensemble of SAWs and part of the ensemble of self-intersecting walks, P i MC is defined only over the ensemble of SAWs. (12)] also for HSMC, where S B becomes a rigorous lower bound of S due to the fact that P i MC is defined only over the ensemble of SAWs. We express S B as
where it is estimated by Eq. (11). Eq. (16) emphasizes an explicit dependence of S B on the variable S iMC = −k B ln P i MC , that is directly related to the average, S A [Eq. (15)], and its fluctuation, σ [defined in the same manner as in Eq. (9)]. Because of the stochastic A nature of S i MC it is plausible to assume that when configurations (i) are sampled from the Boltzmann distribution (i.e. with P i B ), their corresponding S i MC values occur with a Gaussian probability centered around S A with standard deviation σ A . Indeed, such Gaussian behavior has been observed in models for liquid argon and TIP3P water, which has led (see details in Ref. 4 ) to a Gaussian approximation, S G B for S B ,
A , (17) and to the corresponding S G M (see Eq. 12),
The fact that S G B depends only on S A and σ A is an advantage because these quantities are typically easier to estimate than S B (directly) from Eqs. (10), (11) or (17), meaning that S G B is expected to be statistically more reliable than S B . Previous results have shown that this Gaussian distribution is a very good approximation as there is excellent agreement of F G B with F B for cases where F B is well converged (when finite interactions are defined F G replaces S). Again, several approximations for S, S A , S G B, and S G M can be calculated, and their convergence leads to highly accurate free energy determination. It should be pointed out that formally one can calculate S G B also for S i HS defined by P i 0 ( f ) of the HS method. However
is not stochastic and thus deviates from a Gaussian distribution, where this deviation increases as the approximation worsens, i.e., with increasing chain length N.
The entropy can be expressed exactly by S D (see Ref. 4) , which can also be estimated from a sample generated with P i B. One obtains
In practice, the efficiency of estimating S by S D depends on the fluctuation of this statistical average, which is determined by the fluctuation of S i MC exponentiated. That is, if the fluctuations in S i MC are small, then the values for exp(−S i MC /k B ) do not vary drastically, and the averages for S D (and S B ) can be estimated reliably from a relatively small sample. Still (as for S B ), the direct calculation of S through S D will not be as statistically reliable as estimating S A . Obviously, as S i MC → S (i.e., P i MC → P i B ) all fluctuations become zero and S can be obtained from a single configuration. We note additionally that to improve convergence, S D (like S B ) can be approximated by the Gaussian distribution (for the S i MC values in Eq. (19)); applying this approximation leads to S G M defined in Eq. (18) .
As for S G B , one can formally calculate S D also for P i 0 (f) defined by HS. However, because P i 0 (f) is not defined only on the ensemble of SAWs, S D (HS) (unlike S D (MC) will not converge to the correct S even for a very large sample. Convergence could occur for
which is normalized over the SAWs alone (i.e., ∑ P i 0 (f) < 1 ); however, calculation of ∑P i 0 (f) by HS is impossible. This suggests that S D calculated by HS for a large chain will always be an upper bound for S.
While the theory above has been introduced for the entire ensemble of SAWs, it also applies to a set of reconstructions of a single chain conformation (see Appendix, Ref. 4) . That is, the required averages can be obtained from a set of n independent reconstructions of the same chain, where each reconstruction contributes an estimation for S i MC. For S A , for example, these estimations are arithmetically averaged; for S D the arithmetic average of exp(−S i MC /k B ) is used, etc.
II.6 Calculation of the entropy by series expansion
For comparison we also present results obtained with a formula based on series expansion (exact enumeration) data. 21 The entropy, S series , is obtained from the total number of SAWs, c N , where a 1 =1.1771(2), a 2 =0.554(2), (2), and μ =2.6381585 (10) (the error of the last digit appears in parenthesis).
II.7 Calculation of the entropy by thermodynamic integration
In order to calculate the partition function of a SAW via thermodynamic integration (TI) 25 the system must be linked with a calculable reference state, which in this case is the ideal chain. Samples of chains are generated where monomers are allowed to overlap each other. To effect this, a unitless energy function, E, is defined where
ϕ j is the "overlap value" at lattice site j, and the summation is carried out over all sites. The overlap value is defined as follows. A lattice site that is occupied by only a single monomer (or is unoccupied) contributes nothing to the energy (ϕ j = 0). A doubly occupied site (i.e. a single overlap) contributes ϕ j = 1; a triply occupied site (a double overlap) contributes ϕ j = 2, and so on. The value of E is thus always an integer. For a SAW, E must be zero.
The above defined energy function is used to describe a general chain which can exist at any arbitrary finite temperature. The partition function for the general chain ensemble is given by
where the sum is carried out over all ideal chain configurations i (the total configuration space), and where we have introduced a unitless temperature, T. We note that at high (infinite) T, the Boltzmann factor, exp[−E i /T], is unity and the partition function approaches that of the ideal chain reference state (i.e. Z id = 4 ×3 N−1, where immediate reversal is forbidden). At low T (T = 0), only zero energy configurations will contribute to the summation and the partition function becomes that of the SAW, Z SAW .
The difference, lnZ SAW − lnZ id , can be evaluated by integration over T, or over 1/T, using the derivative relations,
and
The corresponding integrals are respectively We have chosen to use both of these relations where we conduct the integration in two stages as
where T* is an intermediate temperature. The left-hand term thus quantifies the change in lnZ for going from an ideal chain to the general chain at T*, and the right-hand term is the change from this point to the SAW.
In our implementation, the generalized chain was simulated at a total of 199 temperatures. The relevant result in these simulations is the average energy, 〈E〉 ; these values are used for derivative points [Eqs. (23) and (24)] in the numerical evaluation of Eq. (26) . In the first stage/ series (corresponding to the left-hand term in Eq. (26), 100 simulation temperatures were spaced evenly in 1/T, ranging from 1/T = 0 (the ideal chain) to 1/T* where T* = 0.75757575 (1/T* = 1.32). In the second stage (for the right-hand term in Eq. (27) , 100 simulation temperatures were spaced evenly in T, ranging from T* to T = 0 (the SAW). With the finite limits in Eq. (26), a simple trapezium integration was adequate. It should also be noted that the number of simulation points employed in this work was actually well more than was necessary. We note further that the results are insensitive to the choice of T* as long as there are enough points. One could drastically reduce the number of simulation points (thereby increasing the efficiency) by careful (optimized) choice of T* and/or by implementing less simple-minded quadrature techniques; however the present performance is sufficient for our purposes. Details about the MC simulations appear below in III.1.
III. Results and discussion
We have calculated the entropy of SAWs consisting of N= 29, 49, 99, 149, 249, 399 and 599 bonds. The results of Table 1 were obtained by reconstructing a single chain conformation (see Appendix, Ref. 4), i.e., by n replicate reconstructions (based on different sets of random numbers) of a straight SAW of N bonds, while the results in Table 2 were obtained by reconstructing a sample of SAWs.
III.1 MC simulations and the HSMC reconstruction procedure
The efficiency of HSMC is affected considerably by the MC procedure employed in the reconstruction process. On a square lattice, "crankshaft" moves are in most cases rejected due to the strong excluded volume interactions while corner moves have somewhat higher acceptance rate. 8 Therefore, for the reconstruction process we have used an MC procedure based on 50% corner moves (that provide local conformational changes) and 50% "pivot" moves that have been shown to effectively induce global changes. 26 This procedure has been employed not only in the reconstruction process, but also for generating samples of SAWs (to be reconstructed by HSMC and HS), and for the TI simulations.
The HSMC calculations are based on the sample size n -the number of reconstructed SAWs and n future , which is related to the number of future MC steps per bond applied during the reconstruction process as defined below. First we note that the first bond of the chain is not reconstructed; its probability is always ¼. The number of MC steps, n MC , for bond k is scaled as n MC =(N−k+1)n future , meaning that the maximal number of future MC steps is applied for the reconstruction of the second bond (to which corresponds the largest future segment of N −1 bonds), while the last bond (N) is allotted the minimal number of MC steps. Because each simulation at step k always starts from the structure of the reconstructed chain it is important to let the future SAW equilibrate, otherwise p MC [Eq. (13) (9)]. To demonstrate this effect, the results for each chain length are presented in the Tables for n future = 500, 5000, and 50000, where the corresponding sample size, n, is decreased, which results in approximately the same computer time for each calculation. Notice that for a single chain (Table 1) , n is the number of reconstructions applied to the same straight chain, while for a sample of chains (Table 2) , n is the number of different configurations reconstructed -one reconstruction is performed for each configuration.
For the TI process the chains were simulated as described above, by the 50/50 ratio of pivot and corner moves, where in this case the entire chain is moveable (except of the first bond). The total simulation length was the same at each temperature, however it varied depending on chain size. 6 × 10 7 MC moves were carried out at each temperature for N = 29, where run lengths of 10 8 , 10 8 , 6 × 10 7 , 5 × 10 7 , 3.2 × 10 7 and 2.4 × 10 7 steps were used for N = 49, 99, 149, 249, 399, and 599, respectively. All of these runs were replicated 9 times (i.e. 9 independent simulations were performed), thus yielding 9 independent integration results (trials) for each chain size. Our final reported result is the average of these trials, with the standard deviation of the mean being used as the uncertainty estimate.
III.2 Results by TI, series expansion, and the scanning method
To a large extent, we judge the performance of HSMC by comparing its results to those obtained by other techniques, such as the scanning method [Eq. (6) (26)] and HS (using f=8); therefore, we start by discussing the results of these methods which appear in both tables.
We first would like to point out the surprising accuracy for large N obtained by the series expansion formula [Eq. (20) ] that is based on extrapolating exact enumeration data for relatively short chains. Thus, the results for S TI and S series are equal within the error bars for all N, with comparable errors for N=49, 99, and 149. However, for N=29 the error in S series is significantly larger than that of S TI and for N >149 error(S TI )−error(S series ) increases constantly with N. For N=29 the DMC and TI values are equal within comparable errors.
The results obtained with the scanning method long ago 20 (based on a relatively small scanning parameter, f=6) are also very good. They are equal to the TI and series results for all N accept for N=599, where S scan is smaller due to a bias (for generating compact chains) that was not removed completely by the importance sampling procedure [Eq. (6)]. For N ≥ 249 the statistical errors of S scan are significantly larger than those of S TI . In what follows, for comparison we shall consider the TI and series results to be exact.
III.3 Entropy by reconstructing straight chains
Results obtained by n replicate reconstructions of a straight chain appear in Table 1 . Part of the data have already been provided in Ref. 6 ; however, the HS results and those for S G B , S G M , and for the chain length N=29 are new.
The table supports the expectations of the HSMC theory presented in section II. Thus, for all chain lengths, as n future is increased from 500 to 50,000, the fluctuation decreases, S A decreases and remains an upper bound, and S B and S G B increase remaining lower bounds. For n future = 500 the S G B results are slightly inferior (i.e., lower) than those of S B . However, for n future =5000 and 50000 S G B and S B are equal within error bars that are, however, 2-3 times smaller for S G B than for S B ; therefore, the corresponding results for S G M are equal to those of S M but with slightly smaller errors.
In all cases S M and S G M are equal (within the error bars) to S D , to the TI and series results, and for N<599 also to the scanning results. However, the error bars of TI are the smallest. The fact that for each N the S M (and S G M ) results for n future =5000 and 50000 (and in some cases for n future =500) are equal (and they are also equal to the TI values) demonstrates that the absolute values of S A and S B (S G B ) deviate equally from the correct results. Overall the HSMC statistical errors are small (0.002-0.005%); however, much more computer time has been invested in the simulations of the longer chains.
We also obtained results with HS where the entropy was calculated from a generated sample of chains (see next section) with a limited but systematic scanning of f=8. Our main interest has been only to check how much are these results larger than those obtained by HSMC (based on the stochastic MC scanning of the entire future); therefore, the HS results were calculated only for several chain lengths of N=49, 99, 249, and 399. Indeed, the S A (HS) values [Eq. (8) ] are always larger than the exact ones, where the deviation increases with N; thus, for N=49 the HS value is relatively accurate, comparable to that of HSMC(n future =5000), while for N=399 S A (HS) worsens becoming close to S A (HSMC) for n future =500. Correspondingly, σ A (HS) is always larger than σ A (HSMC) obtained for n future =5000 (accept for N=49). A similar trend is observed for S B (HS) which is always a lower bound but smaller than S B (HSMC) obtained for n future =5000.
The results for S M (HS) are very close to the correct ones for N=49 and 99, but overestimate the correct values as chain length increases, where for N=399 the error is of ~0.2%. As discussed earlier, S G B (HS) is not well defined and indeed it constitutes a lower bound only for N=49 and 99 (where its values are larger than the corresponding S B (HSMC) values), becoming larger than the exact value for larger N. The related average, S G M is always larger than the exact value with the largest deviation of 0.36% occurring for N=399. As expected (see last paragraph of II.5) S D (HS) is always an upper bound, which is slightly smaller than the corresponding S G M . These results demonstrate that the performance of HS is inferior to that of HSMC.
III.4 Entropy by reconstructing a sample of chains
In practice, however, one would apply HSMC to samples of chains of different conformations, therefore a second set of results has been obtained from thermodynamic samples of SAWs. To generate such samples we have carried out long MC runs (based on the pivot and corner moves described previously) starting from a straight chain, equilibrating for 300 MC steps per bond, where every 2300 MC steps per bond the current conformation (i) was selected for reconstruction as described earlier. (This same prescription was also used to generate samples for the HS method.)
Calculation of the entropy from a sample of chains is more difficult than for a straight chain. Because the frozen past of the chain is not straight, part of conformational space of the future SAWs might become unreachable with our dynamic pivot/corner MC procedure; this might affect in particular the movement of the treated bond k hence the corresponding transition probability. Because the reconstruction starts from configuration i, in an extreme case bond k (i) will be unable to move to another direction leading to p MC =1; in another case it will change direction but may never return to its original direction in chain i leading to p MC =0. Such TPs will affect significantly the probability P i MC [Eqs. (13) and (14)] of the chain. Notice, however, that these cases do not demonstrate a drawback of the HSMC method but reflect the strong excluded volume interaction of SAWs on a square lattice and the inability inherent in our MC procedure to search the entire conformational space (i.e., the procedure is non-ergodic). As discussed below, these problems can be alleviated by generating the future SAWs with more efficient MC techniques. Such problems have not been encountered in application of HSMC to fluid systems (argon and water) and peptides. Obviously, this problem will be weakened significantly for SAWs on a simple cubic lattice, for example, where the excluded volume interactions are less severe than on a square lattice.
To alleviate these problems we have taken several measures. First, before carrying out the future sampling at step k the program checks the nearest neighbor sites of monomer k (located at the end of bond k−1); if all four of them are already occupied by chain monomers (i.e., step k has only one choice) the future sampling is avoided, the TP(k) is defined as 1, and the next step (k+1) is treated. When p MC =0 or 1 occur, p MC is calculated by the (systematic) HS method, i.e., by an exact enumeration of the future SAWs of f=8 bonds and this value is considered in the calculation of P i MC . Still, the reconstruction probability of some chains might be affected significantly by similar problems (i.e., p MC values that are incorrectly very small or close to 1). Because the Boltzmann probability of all chains is the same, one can ignore the contribution of such chains to the average entropy. In practice, a SAW i with −k B ln P i MC beyond four standard deviations of the average is not considered in the averaging of the entropy.
Comparing the results in Tables 1 and 2 demonstrates the increase in sampling difficulty and decrease in accuracy involved in reconstructing a sample of chains. Thus, while S A (sample) in Table 2 (as expected) is an upper bound that decreases as n future increases, it is always larger (i.e., worse) than the corresponding S A (straight) in Table 1 ; for n future =50000 the deviations are small for N ≤ 149 but increase for larger N. A similar trend is observed for σ A (sample) that always decreases (as expected) with increasing n future but it is larger than the corresponding σ A (straight). Notice that for n future =50000 S A (sample) and σ A (sample) are always better (i.e., smaller) than S A (HS) and σ A (HS), which again reflects the superior accuracy of HSMC. S B and S G B always increase with n future and for n future =5000 and 50000 they are in most cases equal with slightly lower errors for S G B. Again, these values are always smaller (i.e., worse) than those in Table 1 , where the deviations are small for N ≤ 149 and increase for larger N. For N ≤ 99 the (6) results for S M , S G M , and S D for n future = 5000 and 50000 are all equal (within the error bars), whereas for larger N these functionals have slightly better values at 50000 than at 5000. For N ≤ 249 the best results for S M , S G M and S D (i.e. for n future = 50000) are equal to those of Table 1 , while for N=399 and 599 the results for the straight chains are more accurate with errors that are ~6 times smaller.
The conclusion from the above comparison is that for any model studied it is more efficient to carry out a relatively large number of reconstructions (replicates) of a small number of "good" chain configurations than to reconstruct a thermodynamic sample of chains.
III.5 Discussion
The results of the two tables show that for a given amount of computer time it is preferable to increase n future using relatively small values of sample size n; this leads to improved (smaller) S A , larger S B , hence better estimates S M and S D (in particular for large N). This effect is significant in particular for a sample of chains, where, for N=49, for example, S A (n future =50000) is equal in both tables, while for n future =5000 and 500 the results in Table  2 are always worse (larger) than the corresponding results of Table 1 . Thus, the best (lowest) S A will be obtained in the extreme case, where only a single (good) chain is reconstructed with the maximal n future for a given amount of computer time. However, this would come with a price that the information provided by the other functionals would be lost because
An inherent inefficiency of HSMC lies in the need to carry out N−1 simulations for an N-bond SAW. Still, performance of HSMC for a sample of SAWs can be improved by changing the scaling function discussed in section II.3, which controls the extent of simulation applied to each bond in the reconstruction process. However, the most significant factor affecting efficiency is the simulation method used for the chain reconstruction. Thus, our preliminary simulations based on corner moves alone have converged extremely slowly, and adding the pivot moves improved performance dramatically. In three dimensions, where the excluded volume effect is weaker, one can add crankshaft moves (and other moves, see Ref. 8) that are expected to increase efficiency further. To improve accuracy one can increase the scanning parameter used in the HS parts of the processes from f=8 to12 (and even to 14).
The pivot moves are very important for an open chain, but they become unsuitable for a SAW enclosed in a small volume, or for a highly compact SAW with attractive interactions at low temperature, where only local MC moves are applicable. Notice, however, that simulating these restricted models (on a square or a simple cubic lattice) with dynamic MC procedures based on local moves is generally non-ergodic and extremely inefficient, meaning that the corresponding HSMC reconstructions will be inefficient as well. On the other hand, restricted SAW models are better handled by step-by-step construction procedures. 14-17 The scanning method, for example, is ergodic and due to its "feelers" one can generate chains in restricted environments quite efficiently. Thus, the idea would be to implement within the framework of HSMC a suitable growth procedure, which will lead to exact results, unlike HS. Notice that growth procedures provide the entropy by themselves from their generated sample of chains; however, a suitable HSMC/growth procedure would enable estimating the entropy from a given trajectory.
An interesting test case is a model of multiple SAWs enclosed in a "box", studied previously by the scanning and HS methods, 24 where chains are added successively to an initially empty box. However, with HS only the partial future of a reconstructed chain is considered, whereas HSMC can take into account the entire future, including that of the reconstructed chain and the positions and conformations of the as yet unreconstructed chains. If the system is not extremely dense local dynamic MC moves would suffice. In the extreme case where all sites are populated (density=1) one can apply simulation methods as those implemented by Pakula and Reiter. 27 It should be emphasized that HSMC can handle volumes with any shape and boundary conditions, where defining a suitable reference state for TI is not trivial.
Chain models with finite interactions have been defined on enriched lattices (i.e., with a large coordination number, such as the bond fluctuating model) and have been simulated by dynamic MC procedures. All of these models can be treated by HSMC. Such models have been used to study protein folding trajectories, for example, where transitions between different conformational regions (microstates) occur, but their relative populations can be obtained only crudely from the trajectory. However, these populations can be calculated with high accuracy by applying HSMC locally to these microstates, in the same way it has been applied to the helical, extended, and hairpin microstates of polyglycine molecules. 5 It should be noticed that the entropy of microstates (i.e. local fluctuations) can also be obtained approximately by the harmonic and quasi-harmonic techniques 12 or the local states method, 13 while a similar calculation by TI is a standing problem. Returning to the present model of SAWs, it appears that the most efficient is the scanning method (where a run for generating SAWs of N=599 provides results for all intermediate N), followed by TI, where HSMC is the least efficient. For example, the tabulated TI value for a 399-bond SAW required ~100 h CPU, while for HSMC (n future =50000), generating the 225 chains in Table 1 took 945 h CPU. It is stressed however that these levels of precision will often not be necessary in novel investigations on related polymer systems. A single reconstruction of a 399-bond SAW for n future =50000 requires far less computational investment (~4.2 h CPU), and already gives a result of S=0.9757 (6) .
In summary, calculation of S is a central problem in computer simulation, and HSMC with its unique features constitutes a new tool for obtaining S independent of other methods. With HSMC all interactions are considered, and its accuracy depends only on the amount of MC sampling. Furthermore, a "self checking" accuracy analysis is inherent in the method, based on verifying the increase and decrease of the rigorous upper and lower bounds, S B , S G B , and S A , and the decrease of σ A , as the approximation improves. Finally, unlike other methods, HSMC is of general applicability, covering liquids (argon and water), microstates of polypeptide molecules, and in this work also random coil polymers. HSMC can be applied to any type boundary conditions, which is very difficult to handle by TI, and unlike most methods, enables one to extract the absolute entropy from a given sample, where only a small number of SAWs (and even a single chain) need to be reconstructed; this is important for studying relaxation processes, such as protein folding. 
